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Lecture 6 
Overview

Topics:

 Definition of polarized light and unpolarised light

 Polarization representation via Jones vectors.

 Derivation of Jones vectors of linearly and circularly polarized light, include linear light at an angle.

 Polarization component representation by Jones matrices. 

 Use of Vector-Matrix multiplications for Polarized light Plane wave OUT calculation for Linear 

Optical Systems containing Polarization components when input is a Plane wave polarized light.

 Jones matrix calculations for polarizers, phase retarders and rotators.
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Polarization

Polarization is a vector quantity linked to the direction in 
which the optical field oscillates in space and time. 

Polarized light occurs when the optical field follows a 
defined direction of space-time oscillation, such as the 
fundamental TEM00 mode from a laser producing a plane-
linear polarized-EM wave. 

In Unpolarized light, the resultant measured/observed 
light polarization is indiscernible and there is no single 
defined state of polarization (SOP) of the EM wave, such 
as natural light from the Sun. 
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Polarization Representation
Jones vector and matrix notation

A Jones vector describes the polarization state of a  plane wave

The Jones matrix describes the polarization property of an optical components
Including  a full system made of several optical components. 

For polarized light with the optical field in the plane normal to the wave direction, the 
resultant optical field can be completely described by the magnitude and phase of the in-
plane orthogonal field components. 

The polarized light wave in Figure 3.9 can be 
written as:

Here E0x and E0y are the amplitude values of the optical 
fields along the x and y directions, respectively. φx and φy

are the phase values of the optical fields along the x and 
y directions, respectively.26/09/2019
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Jones Vector for Polarized Light

The Jones vector representation of polarized light
is defined as

Note that for a vector 
𝐴
𝐵

to be normalized, we must satisfy: 1 = 𝐴 2 + 𝐵 2

The NORMALIZED  Jones vector representation of polarized 
light is defined as:

Depending on the type of polarized light, the optical-field amplitude and phase 
quantities have particular values. 

APPLY EULER’s Formula to Expand Exponential
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Normalized Jones Vector for  Linearly Polarized Light

The normalized Jones vector representation of polarized light is defined as:

Linearly polarized light requires the relative phase φy − φx = mπ
with m = 0, 1, 2,…, so the Normalized Jones vector for linearly 
polarized light is

Use Eulers Formula:    Exp(jf) = cos f +j sin f
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Jones Vector for Circularly Polarized Light

Circularly polarized light requires equal field components 
(i.e., E0x = E0y = E0). 

In addition, right circular light requires the relative-phase condition 
of φy − φx = −π/2 while left circular light requires the relative-phase 
condition of φy − φx = +π/2. 

Hence, the normalized Jones vectors for right (clockwise rotation 
of field) and left (anti-clockwise rotation of field) circularly 
polarized light can be written as
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Normalized Jones Vector for Elliptically Polarized Light
Elliptical polarization requires that E0x ≠ E0y. 

A special case of elliptic al polarization that has the same phase-shift conditions as 
circular light (i.e., φy − φx = −π/2) for right elliptical or φy − φx = π/2 for left elliptical) 
causes the optical-field vector to trace an ellipse on wave propagation along z-direction 
with the ellipse axes aligned with the x and y axes. Hence, the normalized Jones vectors 
for right (clockwise rotation of field) and left (anti-clockwise rotation of field) elliptically 
polarized light can be written as

The most general case of elliptically polarized occurs when φy − φx ≠mπ and |φy − φx| ≠ 
π/2 (the ellipse axes are no longer aligned with the x and y directions), and the Jones 
vector for this special case of elliptically polarized light with φx = 0 with no loss of 
generality can be written as
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Polarization Component as a Jones Matrix

Under plane-wave conditions of incident input and output light to a 
linear-optical system as shown in Figure 3.10, we can represent 
polarization components such as polarizers and wave plates by their 
Jones matrices. 

Since a system is made of cascaded polarization components,
The polarization system can also be represented by a Jones Matrix.
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Polarization Sensitive Linear Optical System as a Jones Matrix

The output of such a linear system/component (where superposition of optical 

field applies) is given by a Jones vector റ𝑱𝑶𝑼𝑻 that is produced by multiplying 

the Jones input vector റ𝑱𝑰𝑵 with the Jones matrix 𝑻𝑴 of the optical system, (or 
a single optical polarization component). 

Mathematically, this 
Vector-Matrix 
Multiplication operation is 
written as:
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Transmission Type Polarizer Jones Matrix

Figure 3.11 shows the operation of a transmission-type polarizer where the light passing 
through the polarizer contains only the vertical polarization component of the input light. 
The Jones matrix for this polarizer can be computed to be

In this case, as one knows the Jones vectors for horizontal and vertical linear polarization 
input light and the expected output from the polarizer, two sets of simultaneous equations 
with the four unknown components of the Jones matrix can be generated and solved to 
give the components of the Jones matrix for the polarizer TA vertical. The same is true for a 
linear polarizer TA horizontal, and in this case, we get the Jones matrix:
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Optical Phase Retarder Operation
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Optical Phase Retarder (Text on Operations)

Figure 3.12 shows how an optical-phase retarder component operates on input 
polarized light, such as an input linearly polarized light. Fundamentally, this 
optical component has two different refractive indices along the x- and y-
directions of the optical material, such as an optical crystal. The fast axis (FA) 
corresponds to the component axis where the refractive index is lower compared 
to the refractive index along the component slow axis (SA). Hence, the words fast 
and slow corresponding to the speed of light for the optical-field components 
aligned along these axes. In Figure 3.12, the FA is along the y-direction, whereas 
the SA of this retarder is along the x-direction. Hence, when in-phase optical field 
components enter the component, the optical field along the FA exits first 
compared to the optical field along the SA, as also shown in Figure 3.12. Thus, we 
can add an optical phase between the two orthogonal optical field components 
and hence modify the SOP of the output light versus the input light. Hence, an 
optical retarder is a very useful component in photonics system design. 
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Optical Phase Retarder Jones Matrix Derivation
We can designate the input x-direction optical-field amplitude and phase values to be E0x

and φx, respectively. We can also designate the input y-direction optical-field amplitude 
and phase values to be E0y and φy, respectively. After passing through the optical retarder, 
the optical-phase values βx and βy are acquired by the x-direction and y-direction optical 
fields E0x and E0y, respectively. Using Jones vector matrix polarizer analysis for the 
input/output polarized light and the retarder acting as an optical system, we can write:

where it can be shown that the Jones matrix for the optical retarder can be written as:
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Quarter-wave Plate (QWP) and Half-Wave Plate (HWP) Retarders
(Text) 

For the example shown in Figure 3.12, Ex is the slow or lagging optical field compared to the Ey optical 
field as the SA is horizontal (x-direction). If this lag is π/2 or 90°, then we can write βx - βy = π /2 and 
the optical retarder is called a quarter-wave plate (QWP) as the optical field experiences a relative 
quarter-wave optical delay. 

The QWP is a highly useful photonic system-design component as, for example, linear polarization can 
be converted to circular polarization using a QWP and vice versa. Circularly polarized light is useful in 
photonic system design as it contains equal parts of vertical and horizontal polarization thus reducing 
the impact of optical effects that are sensitive to linear polarization directions. 

The half-wave plate (HWP) is another useful optical design component and can be used to rotate 
linear polarized light to a desired linear polarization angle. The key is aligning the incoming linear 
polarization at an angle q with an axis (e.g., FA) of the HWP retarder, and this leads to the output light 
linear polarization rotating an angle 2q such that this output linear polarization is at an angle q with 
the axis (e.g., FA). Jones vector polarization analysis can be used to prove this useful optical 
component operation. 

For example, the linear polarization direction from an output laser beam may not match the 
transmission axis of polarizer physically fixed to some fixture in an optical package. In this case, a HWP 
can be inserted between the laser and the polarizer to rotate the laser linear polarization to match the 
transmission axis of the polarizer.
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Example Jones Matrices for QWP & HWP Retarders

Some photonic system design useful Jones matrices for retarders are given next.
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Jones Matrix for the Faraday Rotator

Another useful component is the optical polarization rotator such as a Faraday rotator 
device that, for instance, takes an linear polarization input of amplitude E0 making an angle 
a with the x-axis to a linear state of polarization making an angle α + β with the x-axis. 
Using Jones polarization analysis, this means

where it can be shown that the Jones matrix for the optical polarization rotator with 
power of β angle rotation can be written as
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