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Lecture 4 
OverviewTopics:

• Complex index of refraction – Index has a real refractive index called n and an imaginary index part 
labelled as k .

• Material attenuation index is the ratio of the  (Imaginary Part of Complex Index)/(Real Part of 
Complex Index).

• All real materials have some attenuation of the EM wave so All materials have a complex index of 
refraction

• Propagation vector k = 2p/(wavelength in the material)

• Material optical skin depth expression contains speed of light, attenuation index, and optical 
angular frequency

• Conditions for total internal reflection (TIR) – Light travel from High Index to Lower Index, Incidence
Angle greater than the critical angle

• What is an evanescent wave and how is it created when TIR exists and what is its relation to the 
material skin depth

• What is the concept of Frustrated TIR (FTIR) and how is it used to design waveguide couplers and 
sensor and free-space optical beam attenuators, switches.

• Design of a Finger Print Scanner using FTIR
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Complex Index of Refraction𝒏
For a given material, the electric permittivity ε and magnetic permeability µ can be 

complex numbers too. This  means that 𝐸 and 𝐷 will be out of phase, and 𝐻 and 𝐵 will be 
out of phase. 
The net result is that we must define a complex index of refraction 𝒏:

where material attenuation index 𝝌 = 𝐈𝐦 𝐧 /𝐑𝐞[𝐧], 

𝐈𝐦 𝐧 = 𝜿 and Real 𝐧 = 𝒏 = 𝜺𝒓𝝁𝒓 , 

where 휀𝑟 and 𝜇𝑟 and the material relative electric permittivity and magnetic permeability, 
respectively . Re[ 𝑛] and Im n are the real and imaginary part of 𝑛 , respectively. 

Since ALL natural materials attenuate an EM-wave to some extent,  so ALL natural 
materials Have a Complex Index of Refraction. 

Generally, 𝜅 is extremely small and can be ignored.
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Complex Index of Refraction 𝒏 Leads to Material Skin Depth 

Maxwell’s equations continue to provide the harmonic-wave solution, where we write the 

propagation constant as ෩𝒌 = 𝒏𝝎/𝒄 with the optical field as

where 𝒌 = 𝒏𝝎/𝒄, and the material skin depth, 𝛿, for the conducting material is defined as:

A material with a complex index of refraction exhibits an exponential attenuation of the 
propagating optical field into the material controlled by the material attenuation index. 

Specifically, as the wave enters the material by one skin-depth d, the optical field 
attenuates by 1/e of its value on the surface.
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Total Internal Reflection (TIR) and the Evanescent Wave
In Optical Materials

The refractive index of the optical material can be postulated to be complex. 

In this case, the evanescent wave via the complex index part of the incident 
media index is produced when the incident-beam incidence angle equals or 
exceeds the critical incidence angle to produce total internal reflection (TIR). 

That is, both reflected and transmitted waves are in the denser medium with 
the transmitted wave at the interface of the media called an evanescent 
wave. 

Then the transmit beam angle in Snell’s law is also postulated to being called 
a complex angle.
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Total Internal Reflection and the Evanescent Wave

Figure 3.4 shows the classic application of Snell’s law of refraction (i.e., nisinθi = nt sin θt ) 
and the law of reflection (i.e., θi = θr) to describe the direction of the reflected and 
transmitted rays.
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Total Internal Reflection and the Evanescent Wave
Using k-vector notation with the geometrical angles of the transmitted wave with the 
optical two media interfaces starting optical-field strength of E0, the transmitted wave 
can be expressed as

where 𝑘 =
2π

λ𝑡
=

2π𝑛𝑡

λ0
, and λ0 is the freespace wavelength. Hence, the transmitted ray 

partly travels in the z-direction and partly travels in the negative y-direction as also seen 
by observing the transmitted-ray k-vector direction. For the specific case of a ray traveling 
from a high-incidence refractive index ni medium to a lower-refractive index nt medium 
(i.e., ni > nt) via Snell’s law, we get θt > θi as shown in Figure 3.4. 

As θi increases until it reaches the critical angle, θi = θc, the transmission angle θt = 90°, 
thus implying that the transmitted ray now is in the xz-plane and hence, is a surface wave 
at the two media interface. In this case, the transmitted wave can simply be written as

Note that at critical angle, both the transmitted and reflected waves are in the incident 
media, hence the term TIR. 
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When Incident angle exceeds the Critical angle (i.e., θi > θc)

In this case, we must study the general optical-field expression for the transmitted ray 
and, in particular, the cosθt term of its k-vector. Using a trigonometric identity and Snell’s 
law, we can write

For TIR, when θi > θc      , one also has 
𝑛𝑖

𝑛𝑡
𝑠𝑖𝑛θ𝑖 > 1 and then 

𝑛𝑖
2

𝑛𝑡2
𝑠𝑖𝑛2θ𝑖 > 1.

For example, for a glass-air interface with ni = 1.5, nt = 1 and θi = 45°, 
𝑛𝑖

𝑛𝑡
𝑠𝑖𝑛θ𝑖=1.0607 and 

𝑛𝑖
2

𝑛𝑡
2 𝑠𝑖𝑛

2θ𝑖 = 1.125. Hence, the term under the square root for the cos θt expression 

becomes negative for the case of TIR and θt in the Snell’s law expression can be said to be 
a purely complex angle. More importantly, cos θt becomes purely complex and can be 
written as
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When Incident angle exceeds the Critical angle (i.e., θi > θc)
Evanescent Wave

Define the interface skin depth, 𝛿, as

For θi ≥ θc, we can use sin θt = 1 and express the transmitted wave as

The transmitted wave for the TIR case is now called an evanescent wave that exists as a 
surface-like wave on the interface along the z-direction with an optical-field exponential 
decay in the –y-direction in the lower-index material with the skin-depth, 𝛿, giving the 1/e 
optical-field decay location. 
We can define an evanescent wave as a wave that has a real exponential decay in one 
spatial direction. Thus, the evanescent wave is also an inhomogeneous plane wave. 

Recall:

So    k cos qt = j/d
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Frustrated Total Internal Reflection (F-TIR)

The skin depth can be re-expressed as

Note that the concept of skin depth via TIR also leads to the concept of frustrated TIR 
(FTIR) and can be explained as follows. 

When light is undergoing TIR within a first two-material interface (e.g., glass-air) and 
another second two-material interface (air-glass) is brought within a skin-depth range of 
the first interface, then light can be made to undergo a frustrated operation in which the 
evanescent wave at the first material interface can couple into the second two-material 
interface, thus forming a light-leaking mechanism via FTIR.

Example of Glass-Air Interface with Incident Beam at 45 degree Incidence Angle:
ni (Glass) =1.5,     nt (Air)= 1, red laser light wavelength of 633 nm gives

Skin Depth d = 285 nm
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F-TIR Applications

For Glass-Air Interface, 
Skin Depth d = 285 nm

d < d

20/09/2019 N. A. Riza Lectures 11



F-TIR Applications

For Glass-Air Interface, 
Skin Depth d = 285 nm
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F-TIR Applications

For Glass-Air Interface, 
Skin Depth d = 285 nm

20/09/2019 N. A. Riza Lectures 13



FTIR Example – Finger Print Reader (Scanner)
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where skin makes good contact ( i.e., within 
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For Glass-Air Interface, 
Skin Depth d = 285 nm The imaging Lens Images the light from the Skin Surface 

onto the CMOS Sensor Surface to record the fingerprint

Finger print ridges
With air gaps
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Zoomed View of Finger Print Reader (Scanner) Operations
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